High-level behaviour of metabolic systems results from the properties of, and interactions between, numerous molecular components. Reaching a complete understanding of metabolic behaviour based on the system's components is therefore a difficult task. This problem can be tackled by constructing and subsequently analysing kinetic models of metabolic pathways since such models aim to capture all the relevant properties of the system components and their interactions.
can be considered near-equilibrium and far-from-equilibrium [7, 16] . Additionally, even if 48 distance from equilibrium is precisely defined, it does not give complete insight into the 49 relative importance of the effect of enzyme binding as opposed to that of mass 50 action [16] . 51 One organism in which the systems biology approach has successfully yielded new 52 insight is Lactococcus lactis (reviewed in [19] ). Much work has specifically gone into 53 understanding glycolysis in this organism, as is evident from the variety of published 54 models that describe this system [20] [21] [22] [23] . However, the exact mechanism behind the 55 switch between mixed-acid fermentation and the lower ATP-yielding homolactic 56 fermentation is yet to be uncovered [19] . Previous work in this regard has pointed to 57 redox balance as playing an important role [24] [25] [26] [27] [28] . As part of a larger study that 58 focussed on the quantification of regulatory routes in metabolic models [29] , we utilised 59 generalised supply-demand analysis [30] to uncover the effect of the redox balance on 60 the different metabolic branches of pyruvate metabolism of Lactococcus lactis using a 61 previously published metabolic model [21] . In that study, an increase in NADH/NAD + 62 was shown to decrease flux towards acetaldehyde and ethanol, mirroring past 63 experimental [24] [25] [26] [27] and FBA modelling [28] findings. This phenomenon was shown to 64 originate predominantly from the interaction of NADH/NAD + with pyruvate 65 dehydrogenase. Additionally, we quantified this effect in terms of control and elasticity 66 coefficients, thereby distinguishing between the contribution of systemic and local 67 effects to the observed flux response. 68 In this paper we build on the above-mentioned work by examining the origin of the 69 control of pyruvate dehydrogenase on the flux through the acetaldehyde 70 dehydrogenase-catalysed reaction in L. lactis. To this end we employ the methods of 71 symbolic control analysis and thermodynamic/kinetic analysis. First, we consider 72 algebraic expressions of control coefficients in terms of elasticity coefficients and 73 fluxes [12, 13] . These symbolic expressions are examined within the framework of 74 control-pattern analysis [14] . By identifying, quantifying, and comparing common 75 motifs within control patterns we determine the importance of different chains of local 76 effects over a range of NADH/NAD + values, thus explaining metabolic control in 77 physiological terms. Second, we consider how the elasticity coefficients that make up 78 the control coefficient expressions change with NADH/NAD + , in particular with regard 79 to the contribution of enzyme binding and of mass-action. By relating these results to 80 one another we show how the properties of the individual reactions lead to the observed 81 control profile. In this way we not only explore the properties of the system in question, 82 but also attempt to demonstrate general principles for understanding metabolic systems 83 within the context of these frameworks. 84 Materials and methods 85 Metabolic control analysis 86 Metabolic control analysis (MCA) is a framework for quantifying the control properties 87 of a steady-state metabolic system in terms of the responses of its fluxes and metabolite 88 concentrations towards perturbations in the rates of its reactions [4, 5] . Below we briefly 89 describe the fundamental coefficients of MCA and define their relationships. For a more 90 flux-control and elasticity coefficients. It states that when a metabolite affects multiple 110 reactions, the sum of the products of each of the control coefficients of a particular flux 111 with respect to these reactions multiplied by their corresponding elasticity coefficients is 112 equal to 0.
113
For example, for the two-step system with reactions 1 and 2,
solving the summation (C J 1 + C J 2 = 1) and connectivity (C J 1 ε v1 x + C J 2 ε v2 x = 0) equations 115 simultaneously produces expressions for the two control coefficients C J 1 and C J 2 in terms 116 of the elasticity coefficients:
Summation and connectivity relationships also exist for concentration control 118 coefficients, but they will not be treated here since they do not enter the present 119 analysis. 120 Symbolic metabolic control analysis 121 The relationship between control and elasticity coefficients expressed above can also be 122 obtained through one of the various matrix-based formalisations of MCA [9, [31] [32] [33] [34] [35] [36] [37] . One 123 such method combines the summation and connectivity properties into a generalised 124 matrix form called the control matrix equation [9] . Here a matrix of independent 125 control coefficients, C i , and a matrix expressing structural properties and elasticity 126 coefficients, E, are related by
C i can therefore be calculated by inverting E. Algebraic inversion of E yields 128 expressions similar to those shown in Eq. 2 [12] .
chains of local effects, known as control patterns, describe the different paths through 134 which a perturbation can affect a system variable, thereby partitioning the control 135 coefficient into a set of additive terms. Control patterns for a 6-step branched metabolic pathway. Backbone and multiplier patterns for two control patterns of C J1 1 are depicted. Green bubbles indicate the backbone pattern, while red and blue bubbles each indicate a different multiplier pattern. Each multiplier-backbone combination (Backbone×Multiplier 1 and Backbone×Multiplier 2) represents a single control pattern. The chain of local effects for the backbone originates from a perturbation of v 1 , which, if positive, causes an increase in s 1 , which increases v 2 , then s 2 , then v 3 , then s 3 , and, finally, v 4 ; each of these effects plays a role in determining the sensitivity of J 1 towards v 1 through the backbone, which in turn is modified by one of the two multiplier patterns.
In this paper we consider the absolute values of the control patterns for determining 137 their contribution to the associated control coefficient. This contribution is calculated 138 as the percentage of the absolute value of the control pattern as a fraction of the sum of 139 the absolute values of all control patterns for that control coefficient. This metric is 140 used instead of a conventional percentage to account for cases where control patterns 141 have different signs, which could lead to the contribution of a single pattern being more 142 than 100%.
143
Control patterns of branched pathways can be factored into subpatterns called the 144 backbone and multiplier patterns [38] . In the case of flux control coefficients, a 145 backbone pattern is defined as an uninterrupted chain of reactions that links two 146 terminal metabolites and passes through the flux being controlled (the reference flux). 147 Multiplier patterns are chains of reactions that occur in branches to a backbone pattern, 148 and so occur only in branched pathways. One backbone pattern can be combined with 149 various multipliers to form different control patterns, and a single multiplier can be 150 associated with control patterns with different backbones.
151
Regulation by enzymes 152 One definition of regulation, as it pertains to metabolic systems, is the alteration of 153 reaction properties to augment or counteract the mass-action trend in a network of 154 reactions [17] . Enzyme activity represents one of the means by which the mass-action 155 trend can be counteracted, with higher potential for regulation being achieved far from 156 equilibrium. Thus, it is necessary to be able to determine a reaction's distance from indicated by ρ ≥ 0.9, and a combination of kinetic and thermodynamic control is 163 indicated by 0.1 < ρ < 0.9 [16] . 164 Recasting a rate equation into logarithmic form allows one to separate the effects of 165 binding and mass action on the reaction rate into two additive terms. Partial 166 differentiation of the logarithmic rate equation with respect to a substrate or a product 167 yields two elasticity coefficients, one of which quantifies the effect on reaction rate of 168 binding of substrate or product by the enzyme, and the other the effect of mass 169 action [16, 17] . A substrate elasticity, for example, will be partitioned as PySCeS. Control patterns for each control coefficient were automatically numbered by 178 SymCA starting from 001, and we used these assigned numbers in the presented results. 179 Importantly, SymCA was set to automatically replace zero-value elasticity coefficients 180 with zeros. In other words, certain elasticity coefficients are never found within any 181 control coefficient expressions as their value will always be zero (such as in the case of 182 elasticity coefficients of irreversible reactions with respect to their products).
183
Additional manipulation of symbolic expressions, data analysis, and visualisations 184 were performed using the SymPy [41] , NumPy [42] and Matplotlib [43] libraries for 185 Python [44] .
186
Model 187
As mentioned, results obtained during a previous study of a model of pyruvate branch 188 metabolism in Lactococcus lactis [29] were revisited in this paper. This model was 189 originally constructed by Hoefnagel et al. [21] , and was obtained from the JWS online 190 model database [45] in the PySCeS model descriptor language (see 191 http://pysces.sourceforge.net/docs/userguide.html). A scheme of the pathway 192 is shown in Fig. 2 .
193
Members of the of ATP/ADP, acetyl-CoA/CoA and NADH/NAD + 194 moiety-conserved cycles were treated as ratios in order to perform parameter scans of 195 these conserved moieties without breaking moiety conservation. The notation φ A , φ C , 196 and φ N (see Fig. 2 ) will be used henceforth. Here, we only considered the effect of 197 changing φ N . The value of φ N was thus fixed and varied between 2 × 10 −4 and 1.77 in 198 order to generate the results presented in this paper.
199
The value of φ N was varied directly rather than modulating its demand (the activity 200 of NADH oxidase) for two reasons. First, we wanted to mirror the methodology used in 201 our original study [29] , so that we could further explore the results obtained there.
202
Second, we wanted to simplify the system for control-pattern analysis. These Aclac. Intermediates are abbreviated as follows: Ac: acetate; Acal: acetaldehyde; Acet: acetoin; Aclac: acetolactate; Acp: acetyl phosphate; Glc: glucose; Lac: lactate; But: 2,3-butanediol; Pyr: pyruvate; EtOH: ethanol; φ A : ATP/ADP; φ C : acetyl-CoA/CoA; φ N : NADH/NAD + .
Results

207
A main finding of our previous study [29] was that an increase in φ N caused a decrease 208 in the flux through the acetaldehyde dehydrogenase reaction block (J 6 ) in spite of 209 NADH being a substrate for reaction 6. Investigation of the partial response coefficients 210 of J 6 with respect to φ N revealed this unintuitive effect to be the result of the 211 interaction of φ N with pyruvate dehydrogenase (reaction 3) as signified by the large 212 negative partial response coefficient v3 R J6 φ N . This route of interaction was found to be 213 one of the most dominant effects in the regulation of J 6 by φ N .
214
Dividing the dominant partial response coefficients into their component control and 215 elasticity coefficients illustrated their contributions to the overall observed response. In 216 simple terms we could now understand that the negative J 6 response was due to the 217 rate of reaction 3 responding negatively towards a decrease in its substrate 218 concentration (NAD + ) which, together with the relatively large flux control of reaction 219 3 on J 6 (C J6 v3 ), caused the overall negative J 6 flux response.
220
In the following sections we will continue this line of investigation by examining how 221 C J6 v3 is determined by the interactions between the various species and enzymes of the Using the SymCA software tool, we identified 76 control patterns for C J6 v3 and generated 225 expressions for each. While this is a much smaller number than the 226 patterns 226 identified in the system where φ N was a free variable, a naive investigation into the 227 properties of each would still represent an unwieldy task. We therefore selected for Two cut-off values were used to select the most important control patterns: not only 231 did such patterns have to exceed a set minimum percentage contribution towards the 232 sum of the control patterns, they also had to exceed this first cut-off value over a slice 233 of the complete φ N -range; the second cut-off set the magnitude of this slice as a 234 percentage of the φ N -range on a logarithmic scale. The first cut-off excludes control 235 patterns that make a negligible contribution to the sum of control patterns, while the 236 second ensures that those that make the first cut do so over a slice of the φ N -range.
237
Selection of the two cut-off values was automated by independently varying their values 238 between 1% and 15% in 1% increments and selecting the smallest group of control 
254
While it is clear that, depending on the value of φ N , certain control patterns are 255 more important than others, and that they can be grouped according to similar 256 responses towards φ N , it is impossible to understand how this behaviour arises without 257 investigating their actual composition and structure. In the next section we will address 258 this issue and begin to dissect the control patterns based on the contributions of their 259 individual components.
260
Backbone and Multiplier Patterns of
To investigate the source of the differences between the C J6 v3 control patterns we yielded six backbone patterns and 13 multiplier patterns as shown in Table 1 . Multiplier 266 patterns were categorised into two groups labelled "T" and "B" based their components 267 being located in the top or the bottom half of the pathway scheme in Fig. 2 . Each of 268 the 76 control patterns consisted of a single backbone pattern and either one (B) or two 269 multiplier (B and T) patterns as can be seen in Table 2 .
270
Control patterns within each of the four dominant control pattern groups (as 271 indicated in Fig. 3 ) were found to be related in terms of their subpattern composition 272 (see Table 2 ): each control pattern within the same group had the same backbone and T 273 multiplier, except for control patterns in group 2, which did not contain any T 274 multipliers and thus only shared a backbone pattern. The backbone pattern of group 2 275 (B in Table 1 ) did, however, extend into the same metabolic branch as the T multipliers 276 via acetolactate synthase (reaction 8), thus effectively acting as both a backbone and T 277 multiplier for this group of control patterns. Control patterns within each group Groups are numbered 1-4 (see Table 1 ), and control patterns belonging to a group are colour coded such that group 1 is pink, 2 is yellow, 3 is green, and 4 is blue. Control in the unshaded region 3 is shared between the group 2 and 3 patterns for φ N < 0.0033 and by the group 3 and 4 patterns for φ N > 0.0033 as indicated by the vertical dotted gray line. The switch from negative control coefficient values to positive values indicates indicates the reversal of direction of J 6 flux. The black dotted vertical line indicates the steady-state value of φ N in the reference model. therefore differed only in terms of their B multipliers. Furthermore, T multipliers were 279 unique to each group and only groups 3 and 4 shared the same backbone. On the other 280 hand, the same B multipliers were found in the control patterns of multiple groups, with 281 B3 forming part of the dominant pattern in each group. As would be expected from the 282 low number of control patterns making up the bulk of the observed control, a large while the rest (B, D, E and F) decreased in magnitude ( Fig. 4A ). However, the unscaled 297 backbone patterns all decreased in magnitude for the φ N range. It is important to note 298 that while scaling by the common denominator is necessary to account for the all the together with their subpattern components as a function of φ N . Here it is important to 307 note that backbone and multipliers with values larger than 1 act to increase the value of 308 their control pattern, while those with values below 1 act to decrease the control 309 pattern value. Since each order of magnitude above or below 1 has the same relative patterns within their respective φ N ranges, we can see that the larger T4 value at the two control patterns can be attributed solely to these two T multipliers.
Factor Expression Factor Expression Factor Expression
A −J 1 J 3 ε v1 P yr ε v6 φ C ε v7 Acal B1 −J 1 ε v1 φ A ε v5 Acp T1 −J 8 J 10 ε v8 Aclac ε v10 Acet B 2J 3 J 8 J 9 J 10 ε v6 φ C ε v7 Acal ε v8 P yr ε v9 Aclac ε v10 Acet B2 −J 12 ε v4 Acp ε v12 φ A T2 −J 8 J 11 ε v8 Aclac ε v11 Acet C J 2 J 3 ε v2 P yr ε v6 φ C ε v7 Acal B3 J 12 ε v5 Acp ε v12 φ A T3 2J 10 J 14 ε v10 Acet ε v14 Aclac D 2J 3 J 8 J 11 J 14 ε v6 φ C ε v7 Acal ε v8 P yr ε v11 Acet ε v14 Aclac B4 J 1 ε v1 φ A ε v4 Acp T4 2J 9 J 10 ε v9 Aclac ε v10 Acet E 2J 3 J 8 J 10 J 14 ε v6 φ C ε v7 Acal ε v8 P yr ε v10 Acet ε v14 Aclac B5 2J 5 ε v4 Acp ε v5 φ A T5 2J 11 J 14 ε v11 Acet ε v14 Aclac F 2J 3 J 8 J 9 J 11 ε v6 φ C ε v7 Acal ε v8 P yr ε v9 Aclac ε v11 Acet B6 J 5 ε v4 Acp ε v5 φ A T6 2J 9 J 11 ε v9 Aclac ε v11 Acet T7 J 8 J 9 ε v8318 φ N ≈ 3 × 10 −
324
A more complicated example of the same principle can be seen in Fig 4E and F   325 which respectively shows the control patterns CP001 and CP071, and their constituent 326 subpatterns. Unlike CP063 and CP071 (Fig 4D) , which only differed in terms of a single 327 subpattern, CP001 and CP071 differed in terms of both their backbone and their T The constituent scaled backbone and multiplier components of CP001 and CP071. CP001 and CP071 differ both in terms of their backbones (A and C) and their top multipliers (T1 and T6); these differences are indicated with hatching between T1/T6 and A/C, and their cumulative effect is indicated with hatching between CP001/CP071 in (E). The horizontal black dotted line at y = 1 differentiates between patterns that have an increasing (y > 1) or diminishing (y < 1) effect on their control pattern products. Absolute values of pattens are taken to allow for plotting logarithmic coordinates; the crossover from positive to negative values with increasing φ N is indicated by vertical dotted lines. Backbone patterns each switch sign twice from a negative starting point on the left-hand side of (A). The multiplier patterns T3, T4, T5, and T6 are positive throughout the φ N range, whereas the remaining T multipliers switch from positive to negative. 
The numerators of the control patterns highlighted in Fig. 3 are expressed in terms of their constituent backbone and multiplier factors ( Table 1) shown as diagonal hatching in Fig 4F, with the combined effect of these differences 336 being shown as cross hatching in Fig 4F, thus illustrating how the differences between 337 these subpatterns contribute to the overall difference in magnitude between CP001 and 338 CP071.
339
These results show how the combined effect of different subunits of a metabolic 340 pathway (i.e., those represented by backbone and multiplier patterns) determines the 341 control patterns of a given control coefficient. In our case, the subpatterns clearly 342 correspond to different metabolic branches and thus narrow down the search for the 343 ultimate source of the differences in behaviour between different control patterns.
344
Following the chains of effects 345 In this section we relate the control patterns discussed above to their constituent 346 elasticity coefficients, thus demonstrating how the properties of the most basic 347 components of a metabolic system (i.e. enzyme-catalysed reactions) determine the 348 systemic control properties as quantified by control coefficients.
349
As previously mentioned, CP071 and CP063 differ only in terms of their T multiplier 350 patterns, T6 and T4. However, upon closer inspection of the composition of these two 351 multiplier patterns (Table 1 ) it became clear that these patterns were very similar, with 352 both containing a 2J 9 ε v9 Aclac factor. The only difference is that T6 had J 11 ε v11 Acet as a Backbone and multiplier patterns that constitute the dominant control patterns of group 3 and group 4 (CP063 and CP071) are indicated as groups of coloured bubbles that highlight their elasticity coefficient components as indicated by the key. These control patterns both share backbone C and multiplier B3 and are therefore differentiated based on their incorporation of either multiplier T4 (CP063) or T6 (CP071). and ε J10 Acet were multiple orders of magnitude larger than their T6 counterparts. This Acet on an expanded scale. Shaded areas indicate kinetic vs. thermodynamic control of v 11 with red: ρ ≤ 0.1, white: 0.1 < ρ < 0.9, green: 0.9 ≤ ρ ≤ 1/0.9 and blue: 1/0.9 < ρ < 1/0.1.
As a second example we will revisit the differences between CP001 and CP071 as 389 discussed in the previous section. There are many more differences between these two 390 control patterns than between CP063 and CP071, since both the backbone and T 391 multiplier patterns are responsible for determining the regions for which they are 392 dominant. The differences between CP001 and CP071 are visually depicted in Fig. 7 .
393
Figs. 8A and B shows the individual components of the backbone and T multiplier 394 respectively belonging to CP001 and CP071. Note that the components J 3 , ε v6 φ C , and 395 ε v7 Acal appears as components in both backbone A and C and are thus collected into a 396 single factors. For the sake of clarity we will refer to factors that act to increase the 397 magnitude of a control pattern as "additive components" and those that act to decrease 398 its magnitude as "subtractive components", since these terms reflect the effect of the 399 factors in logarithmic space. If we focus on the left-hand side of Figs. 8A and B where 400 CP001 dominated, it is clear that this control pattern has more additive components 401 (J 1 , J 8 , and J 10 ) than CP071 (J 2 , and J 9 ). Additionally, for these low φ N values, the 402 subtractive components of CP001 (ε v10 Acet , ε v8 Aclac , and ε v1 P yr ) had values closer to 1 than 403 those of CP071 (J 11 , ε v11 Acet , ε v9 Aclac , and ε v2 P yr ), thus having a smaller diminishing effect 404 on CP001. As φ N increased, however the situation reversed. Focusing on the region 405 where φ N > 3 × 10 −3 and CP071 is larger than CP001, we see that all but one (J 1 ) of 406 the components that were additive for lower φ N values decreased by more than 6 orders 407 of magnitude, thus becoming subtractive. Similarly, while the value of ε v10 Acet increased 408 to ≈ 1, the remaining subtractive components greatly decreased in magnitude for this Fig. 4 
. The the black vertical dotted line in (A) indicates crossover from positive to negative values of ε v8
Aclac (due to product activation as a result of cooperative product binding in the reversible Hill equation [46] ) and in (B) indicates the crossover from positive to negative values of J 11 and ε v11 Acet .
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and CP071 as φ N increased can largely be explained in terms of two changes in flux.
416
First, flux was diverted from the acetoin producing branch (J 8 ) towards the lactate 417 producing branch as φ N increased due to φ N acting as a co-substrate for v 2 . Second, J 1 418 decreased due to product inhibition of v 1 by φ N , resulting in a much larger decrease in 419 J 8 relative to J 2 . This shift in flux also caused decreases in J 8 and J 10 (belonging to 420 CP001), and J 9 and J 11 (belonging to CP071). These changes in flux also had effects 421 on the elasticity coefficients. As previously discussed, ε v11 Acet increased due to v 11 422 becoming close to equilibrium. The elasticity coefficient ε v8 Aclac decreased in magnitude 423 due to a decrease in Aclac concentration as a result of decreased J 8 . The decrease in 424 Aclac also caused ε v9
Aclac to increase to a value of one. Similarly, the decrease in Pyr 425 partly due to decreased J 1 , resulted in the decrease in ε v1 P yr and the increase in ε v2 P yr .
426
Thus, broadly speaking, the shift in dominance of control patterns in group 1 to those 427 in group 4 can be attributed to the shifts in flux between the pyruvate-consuming and 428 -producing branches of the system.
429
Altering control via manipulation of system components 430
The results above demonstrate how the properties of single reactions in a metabolic 431 pathway contribute to the behaviour of a system on a global scale. In the final section 432 we will use this information to demonstrate and assess a possible strategy for altering 433 the control properties of a metabolic system.
434
Since the difference between the factors J 11 ε v11 Acet and J 10 ε v10 Acet was the source of the 435 difference in contribution of CP071 and CP063 towards C J6 v3 , we can imagine that 436 altering these factors would have an impact on the control of the system. If we were to 437 knock out acetoin dehydrogenase and replace reaction 11 with an hypothetical enzyme 438 catalysing a reaction with a thousand-fold larger K eq value, we would expect this new 439 reaction to be far from equilibrium for the same φ N values where our original reaction 440 was near equilibrium. While such an alteration in K eq is unrealistic, it is reasonable to 441 expect that such a change could affect the values of J 11 and ε v11 Acet , ultimately leading to 442 a change in the control properties of the system.
443
In reality, however, the situation is not so simple. Changing the value of K eq of 444 reaction 11 from 1.4 × 10 3 to 1.4 × 10 6 did indeed yield some positive results. First, 445 ε v11 ma Acet had a value of one for almost the complete φ N range (S1B Fig.) , which led to 446 ε v11 Acet having practically the same value as ε v10 Acet for φ N 4 × 10 −3 . Second, J 11 had a 447 lower magnitude than previously for φ N 4 × 10 −3 and the flux did not reverse 448 (S1A Fig.) . However, a number of unintended side effects also occurred. Most notably 449 J 10 decreased so that its value was lower than that of J 11 , thereby offsetting the 450 decrease in J 11 and ε v11 Acet . Thus, while these changes slightly lowered the values of both 451 T6 and T4, their values relative to each other remained almost unchanged (S3C Fig.) . 452 Additionally, the backbone pattern C exhibited an increase in magnitude as a result of 453 the new K eq value (S3A Fig.) . Ultimately, these changes resulted in control pattern and 454 C J6 v3 values that were indistinguishable from those of the reference model (S2 Fig.) .
455
Control patterns in the free-φ N model 456 One final question that remains to be addressed concerns the use of the fixed-φ N model 457 (as reported up to now) instead of a model in which φ N is a free variable and the 458 activity of the existing NADH oxidase reaction (v 13 ) is modulated. S1 Table shows the 459 dominant C J6 v3 patterns in such a "free-φ N " model, which were chosen in the same 460 manner as for the fixed φ N model, expressed in terms of the C J6 v3 control patterns in the 461 fixed-φ N model. In all cases the free-φ N control pattern expressions were very similar to 462 those presented in Table 1 , with most patterns differing only by two symbols when 463 compared to their fixed-φ N counterparts. Additionally, S4 Fig. shows the C J6 v3 control 464 patterns of the free-φ N model in a similar manner to those of the fixed-φ N model in 465 Fig. 3 . This demonstrates that while the value of C J6 v3 differed between the two models, 466 the contributions of the control patterns towards the control coefficient responded very 467 similarly towards changing φ N values in spite of the differences between their control 468 pattern expressions.
469
More convincing, perhaps, is that the flux responses of the free-φ N model towards 470 changing φ N (as facilitated by the modulation of NADH oxidase activity) are exactly 471 the same as those of the fixed-φ N model (S5 Fig.) . This indicates that while the control 472 patterns are slightly altered by fixing the concentration of φ N and varying it directly, 473 this does not affect the overall flux and control behaviour of the system.
474
Discussion
475
The results shown in this paper further explore those from a previous study [29] on a 476 model of pyruvate-branch metabolism in Lactococcus lactis [21] . Surprisingly, we found 477 that the flux through acetaldehyde dehydrogenase (J 6 ) responded negatively towards an 478 increase in the ratio of NADH to NAD + (φ N ), in spite of NADH being a substrate for 479 this reaction; this was found to be the result of the interaction of NADH/NAD + with 480 pyruvate dehydrogenase (reaction 3) combined with its strong control over the J 6 as 481 quantified by C J6 v3 [29] . Thus, to ascertain what determines the value of C J6 v3 and how it 482 is influenced by the properties of, and interactions between, the individual components 483 of the pathway, we investigated this control coefficient using the frameworks of symbolic 484 control analysis [12] , control pattern analysis [14, 38] , and thermodynamic/kinetic 485 analysis [16] . 486 The algebraic expression for C J6 v3 consisted of 76 control patterns, representing the 487 totality of the chains of local effects that can potentially affect its ultimate value.
488
However, only 11 of these patterns actually contributed significantly towards the total 489 numeric value of C J6 v3 for the four orders of magnitude range of φ N values investigated. 490 Moreover, at most only six control patterns met our cut-off criteria for important 491 contributors towards the control coefficient for any particular φ N value. Over the full 492 range of φ N , four different groups of control patterns were found to be dominant within 493 different ranges of φ N values with a clear change of "regime" from one group to the 494 next as the φ N value was varied. While the criteria for defining a control pattern as 495 "important" were selected in order to minimise the number of control patterns and were 496 very effective in our case, this strategy may not generally hold up in all systems. It is 497 conceivable that the value of a control coefficient may be determined by a large group of 498 control patterns where each contributes a small amount towards the total, instead of a 499 small group contributing a large amount. Likewise, the remaining 85% of control 500 patterns for C J6 v3 in our system could play a significant role under a different set of 501 conditions; however, these conditions are unknown and were not investigated further.
502
Another strategy that decreased the number of control patterns was to fix the 503 concentrations of NADH and NAD + , thus turning them into parameters of the system. 504 While fixing NADH/NAD + did have a minimal effect on control pattern composition, it 505 nevertheless allowed us to simplify the analysis because the flux behaviour of the system 506 was completely unaffected. The reason for this is that fixing the NADH/NAD + ratio 507 only removes the reaction catalysed by NADH oxidase from the system, and this 508 reaction only has a single route of communication with the rest of the system (viz.
509
NADH/NAD + ). The effect that this reaction has in the free-NADH/NAD + system is 510 emulated in the fixed-NADH/NAD + model by directly modulating NADH/NAD + .
511
This, in turn, blocks communication between different parts of the pathway via 512 NADH/NAD + . These two alterations in the structure of the system affect its control 513 properties such that the summation property is not violated, i.e., the control coefficient 514
values change but their sum remains equal to one. Communication between different 515 parts of the system via routes other than those passing through NADH/NAD + is 516 unaffected. Note, however, that while this specific modification had relatively little 517 effect on overall system behaviour, such an alteration will most probably yield 518 significantly divergent results when choosing other intermediates that are not directly 519 linked to a demand reaction such as NADH/NAD + in this case. Thus, the strategy of 520 fixing an internal metabolite for simplifying symbolic control analysis expression needs 521 to be carefully considered.
522
Dividing the control patterns into their constituent backbone and multiplier patterns 523 revealed that the control patterns within each of the four dominant groups were not 524 only related in terms of behaviour and response towards φ N , but also in terms of 525 composition. This makes intuitive sense as one would expect control patterns (and 526 subpatterns) with similar composition to behave in a similar way. However, the 527 influence of different control patterns on C J6 v3 was determined by more nuanced factors 528 than only their composition. In our system backbone patterns and T multiplier patterns 529 determined the region in which control patterns were dominant, while B multipliers 530 determined the magnitude of the control patterns within their group. Since these 531 subpatterns correspond to actual metabolic branches within the pathway, it seems that 532 each of these particular metabolic branches played a specific role in determining C J6 v3 .
533
The general similarity of the different branches did not depend solely on their 534 composition, e.g. when comparing B multiplier patterns, a similar response towards φ N 535 for each pattern was observed in spite of some of them not sharing any common flux or 536 elasticity components. Thus, dissimilar control patterns can exhibit similar behaviour if 537 they occur within the same metabolic branch. Divisions of control pattern factors along 538 different branches could thus be a useful way for relating the control properties of a 539 system to its network topology. Ultimately, while the concept of backbone and 540 multiplier patterns was originally devised as a method for generating control coefficient 541 expressions by hand [38] , here it was extremely useful for simplifying the control pattern 542 analysis by providing an easily digestible and descriptive language for comparing and 543 contrasting control patterns. In addition, this methodology was indispensable for 544 narrowing down the search for the lowest level metabolic components responsible for a 545 particular high-level system behaviour.
546
Using the backbone and multiplier patterns as a starting point, we investigated two 547 control patterns that were closely related in terms of composition (CP063 and CP071), 548 but behaved differently because the expressions of their T multipliers differed in terms of 549 two factors. These two control patterns were also representative of their control pattern 550 groups (i.e. group 3 and group 4), since all patterns in the same group only differed by 551 their B multipliers. By examining these factors as a function of φ N it seemed that only 552 the difference of a single factor actually contributed to the difference in observed 553 behaviour on the control pattern level-i.e. the difference in sensitivity of the rates of 554 the acetoin efflux step (reaction 10) and acetoin dehydrogenase reaction (reaction 11) 555 towards acetoin concentration, as quantified by the elasticity coefficients ε v10 Acet and ε v11 Acet 556 respectively. Since reaction 11 was modelled as a reversible step, ε v11 Acet became massive 557 as this reaction neared equilibrium, whereas ε v10 Acet had a value of one, ultimately causing 558 CP073 and all group 4 control patterns to have larger values at the highest tested φ N 559 values than CP063 and the group 3 patterns. These results suggest that seemingly 560 insignificant components in a metabolic pathway can have remarkable effects on the 561 ultimate control of the system. They also demonstrate that irreversible reactions can 562 either have no effect on the magnitude of a control coefficient, or they can decrease its 563 magnitude because the elasticity is limited to a range of values between zero and one.
564
Conversely, reversible reactions can have an increasing, neutral, or decreasing effect on a 565 control coefficient when accounting for both substrate and product elasticities and these 566
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567
As discussed in our previous work [29] , the observed decrease in flux towards ethanol 568 (J 6 ) in response to a large NADH/NAD + value corresponds with previous observations 569 that the NADH/NAD + ratio plays a role in regulating the shift from mixed-acid 570 fermentation to homolactic fermentation (e.g. [24, 28] ). While we previously established 571 that C J6 v3 was a key component in causing the shift in the model, the current work 572 expands on this by identifying the specific components responsible for determining C J6 v3 , 573 and thus the shift towards homolactic fermentation. Group 4 patterns (consisting of 574 multiplier T6 and Backbone C) were responsible for the relatively large C J6 v3 values 575 within the same NADH/NAD + range in which a decrease of J 6 was previously observed. 576 The large positive value of these control patterns can be attributed to three factors: 577 first, the large magnitude of T6 relative to the other T multipliers, second, the large 578 absolute values of the B multipliers, and third, the large absolute value of the C scaled 579 backbone for NADH/NAD + > 0.0265, all of which act to increase the magnitudes of the 580 control patterns in group 4 for the NADH/NAD + range in which they are dominant.
581
Thus, besides the fact that C J6 v3 is just one of the factors responsible for the decrease in 582 ethanol flux, the large value of C J6 v3 during the shift to homolactic fermentation can 583 itself be seen as resulting from the interactions between numerous seemingly unrelated 584 metabolic components. As will be reiterated below, this illustrates that metabolic 585 engineering efforts must take into account much more than a few isolated components if 586 large scale success is to be achieved.
587
Our results demonstrate that a great advantage of symbolic control analysis over 588 numerical analysis of control coefficients is in its ability to provide a mechanistic 589 explanation of control in terms of the low-level components of a system. This tool can 590 thus truly be regarded as a systems biology framework [47] . In other work we have used 591 symbolic control coefficient expressions as an explanatory tool [48] to analyse the 592 control patterns responsible for the shift in control under different pH and 593 environmental conditions in models of fermentation of Saccharomyces cerevisiae [49] . In 594 that case an observed increase in glucose uptake rate in immobilised cells was shown to 595 be the result of the activation of a subset of the system related to carbohydrate 596 production. Symbolic control analysis was also used to mechanistically explain the 597 ultrasensitive flux-response observed in a model of the Escherichia coli thioredoxin 598 system [50] . In this work symbolic control coefficients expressions were not only useful 599 for explaining ultrasensitivity, but also for deriving the quantitative conditions that 600 need to be fulfilled for ultrasensitivity to occur.
601
Another advantage of symbolic control coefficient expressions over their numeric 602 counterparts is that they rely only on knowledge of network topology and regulatory 603 interactions. In other words, the same control coefficient (and control pattern) 604 expressions hold true regardless of any particular steady-state conditions. Therefore the 605 control of a system for which a full kinetic characterisation is unavailable can be 606 predicted by substituting measured (or hypothetical) steady-state elasticity coefficient, 607 flux, and concentration values into the symbolic control coefficient expressions to yield 608 numeric control coefficient values. Similarly, this property also allows one to predict the 609 control of any system under different conditions by substituting in elasticity coefficient 610 values representing such conditions (e.g., reactions close to equilibrium, or irreversible 611 reactions far from saturating concentrations). In contrast to our work, most of the past 612 applications of symbolic control coefficient expressions have been of this type, 613 e.g. [51, 52] . While symbolic control coefficient expressions are not strictly necessary to 614 generate control coefficients from elasticity coefficients since numerical inversion of the 615 E-matrix would achieve the same result, the relationship between these expressions and 616 the structure of the metabolic pathway conveys more biological meaning and provides 617 more granularity than a numerical matrix inversion. A recent example of such a 618 PLOS 19/25 treatment can be found in [53] , where control of unregulated and feedback-regulated 619 systems is compared using control coefficient expressions populated with hypothetical 620 values. By demonstrating how different structures and conditions give rise to different 621 system properties, the author not only predicts control from elasticity but explains 622 these phenomena in terms of the system's structure.
623
The thermodynamic/kinetic analysis framework complements symbolic control 624 analysis and provides an additional layer of description by allowing the elasticity 625 coefficients to be dissected into their binding and mass-action components. Since 626 regulation of a reaction can be seen as the alteration of the effect of mass action (either 627 through augmentation or counteraction) [17, 54] , this framework allows us to separate 628 enzyme regulation from the properties of the the reaction itself. For instance, the 629 counteraction of the effect of mass action on the sensitivity of reaction 11 towards 630 acetoin by the effect of enzyme binding in the red shaded area of Fig. 4B indicates that 631 the reaction would have been quite sensitive towards its substrate under the prevailing 632 conditions had it not been for the presence of the enzyme (although it would have 633 occurred at a lower rate). Additionally, while not explored in detail in this paper, this 634 framework also allows for the separation of the effects of kinetics and thermodynamics, 635 and allows for the quantification of the effects allosterism and cooperativity [16] . The 636 use of other approaches that split rate equations into smaller components (thus 637 highlighting different effects) [55, 56] , may also prove to be useful when combined with 638 symbolic control analysis.
639
While we were able to describe system behaviour in terms of component behaviour, 640 an attempt to use this information to modify the control properties of the system via an 641 alteration of the properties of reaction 11 proved to be fruitless. By effectively making 642 the reaction irreversible, we hoped to decrease the magnitude of ε v10 Acet to cause CP071 643 to have a smaller value than CP063. While this change did alter ε v10 Acet , the system 644 almost completely compensated for the change, resulting in no practical difference 645 between the control properties of the reference and altered systems. This illustrates that 646 while symbolic control analysis is an excellent tool for understanding control in 647 mechanistic terms, it does not necessarily yield easy answers for use in metabolic 648 engineering due to the overall complexity of metabolic systems and their ability to 649 adapt to changes. It does however allow us to investigate such hypothetical 650 manipulations of the system with relative ease and, in our case, it demonstrated the 651 homeostatic properties of the system. Thus, while it is tempting to fully ascribe system 652 properties to single metabolic components, one must be careful not to fall into the trap 653 of viewing metabolic systems in a reductionistic manner. Nevertheless, symbolic control 654 analysis may indeed have the potential to be used in metabolic engineering, but it will 655 require a more nuanced approach than the one demonstrated here.
656
The analysis presented in this paper expanded on previous work by delving deeper 657 into one of the causes for the observed shift away from ethanol production at high 658 NADH/NAD + values using the frameworks of symbolic control analysis and 659 thermodynamic/kinetic analysis. The detailed mechanistic description and analysis of 660 the control coefficient responsible for the large shift provided new insight into this 661 phenomenon. Additionally, this work represents the first of its kind to analyse control of 662 a realistic metabolic model on such a low level by using the concepts of control patterns 663 and their constituent backbone and multiplier patterns. Our hypothetical manipulation 664 of the system based on our new-found knowledge also reiterated the danger of viewing 665 metabolic systems from an overly reductionistic perspective and highlight the need for 666 more robust metabolic engineering strategies. While we believe that the techniques used 667 in this paper are mostly suited to describing and understanding the behaviour of 668 metabolic systems in a particular steady state, such understanding is an important 669 stepping stone to developing practical methods for manipulating metabolic control. 
